In this paper we prove a new geometric integrability theorem for almost complex manifolds. Let M be a connected, smooth 2m real dimensional manifold with an U(m) structure on its tangent bundle and ∇ be a compatible connection on it. Assume the complexified curvature of the connection has vanishing (0, 2) component. Then we claim that M can be given the structure of an m complex dimensional Kähler manifold and ∇ is the unique Levi-Civita connection on it. The proof has a Yang-Mills theoretic flavour and is based on Uhlenbeck's theorem on the existence of local Coulomb gauges.
Introduction
The fundamental theorem of Newlander and Nirenberg from 1957 [13] asserts that if an almost complex manifold (M, J) has vanishing Nijenhuis tensor then J is integrable i.e., M can be given the structure of a complex manifold with induced almost complex structure J. During the past decades, several new proofs of this very difficult nonlinear problem appeared drawing attention of a number of new analysis. Malgrange gave a quite different and nonlinear proof in 1969 [12] . A proof in the linear context by Kohn from 1972 [6] is based on his solution of the ∂-Neumann problem, while Hörmander adapted this linear proof to his method of solving the ∂-problem in 1973 [9] . Webster in 1989 [15] used a different nonlinear convergence scheme of KAM type also familiar in celestial mechanincs to reprove the integrability theorem.
The Newlander-Nirenberg theorem has a kind of "linearized" analogue, namely the integrability theorem due to Koszul and Malgrange proved in 1958 [11] . Assume E is a smooth complex vector bundle over a complex manifold Z and there is a smooth connection on E compatible with its complex structure. Then if the curvature of the complexified connection has vanishing (0, 2) component over Z then E can be given the structure of a holomorphic vector bundle and the connection is a compatible holomorphic connection. The proof of this theorem (also cf. pp. 48-53 in [4] and a closely related problem is Prop. 2 in [3] ) is based on the existence of a special local gauge, guaranteed by the curvature condition, on a ball U ⊂ Z. In this gauge the (0, 1) component of the connection matrix vanishes over U and the holomorphic nature of E shows up directly. Consequently this gauge might be called as a "holomorphic" gauge.
The question arises wether or not these two integrability theorems can be combined together. More precisely, we can raise the following question: Assume (M, J) is a smooth almost complex manifold with a smooth compatible connection ∇ on the tangent bundle whose complexification is ∇ C with complex curvature F C . Assume the connection is "integrable" in the sense that F 0,2 = 0 for its complexified curvature over M. Is then J integrable in the ordinary sense i.e., can M be equipped with the structure of a complex manifold with induced almost complex structure J?
It is not difficult to see by recalling the proof of the Koszul-Malgrange theorem, that the answer is at least formally yes. Suppose the integrability condition F 0,2 = 0 implies the existence of a ball U ⊂ M around each point and a gauge satisfying A 0,1 = 0 on U. Using this distinguished gauge for arbitrary (0, 1) type vector fields one easily calculates
on U showing that the "(0, 2) torsion" of the complexified connection defined by
vanishes over U hence is zero over the whole (M, J). This complexified torsion component can be expressed in terms of the real torsion like
However taking into account that ∇J = 0, the compatibility condition between the almost complex structure and the connection, a straightforward calculation shows that the Nijenhuis tensor of (M, J) defined as
Consequently the vanishing of the "(0, 2) torsion" implies the vanishing of the Nijenhuis tensor therefore the Newlander-Nirenberg theorem [13] ensures us that (M, J) is an integrable almost complex manifold. A rather exhausting task is to establish the existence of this special holomorphic gauge A 0,1 = 0 by using the integrability condition F 0,2 = 0 only. However slightly modifying the setup and the above argument, we can achieve our goal. We will call a smooth 2m real dimensional manifold M an almost Kähler manifold if T M is an U(m) bundle. Assume a connection ∇ is given on T M compatible with the U(m) structure. Suppose the integrability condition F 0,2 = 0 holds. Then making use of the basic theorem of Uhlenbeck on the existence of local Coulomb gauge in Yang-Mills theory [14] we can prove the existence of a small ball U around an arbitrary point of M together with an Abelian gauge on it i.e., satisfying A ∧ A = 0. This gauge is the Coulomb gauge on U.
This gauge shows that the holonomy group of ∇ C on T 0,1 M, which is originally U(m), can be cut down locally to its maximal torus U(1) m ⊂ U(m) on T 0,1 U. However this local Abelian U(1) m structure has vanishing intrinsic torsion (see Sec. 2.6 of [10] ) on U hence the connection must be torsion free (vanishing torsion is a local and coordinate-independent property). This means that the original U(m) structure is integrable over M equipping it with the structure of a Kähler manifold. The connection turns out to be the unique Levi-Civita connection of the Kähler structure.
Observe that the Kähler property has been introduced because Uhlenbeck's theorem works with compact structure groups only. If we could relax this condition then the Kähler assumption could be dropped providing a true analogue of the Newlander-Nirenberg theorem. We will improve the above construction toward this direction in our forthcoming paper [5] .
To conclude this introduction, we would like to summarize intuitively how the above construction works.
Assume an arbitrary manifold N is given with a connection ∇ on the tangent bundle T N. Fix a point x 0 ∈ N and we wish to reconstruct the identity component Hol 0 (∇, x 0 ) of the holonomy group. For this at least in principle, we have to "scan" the whole manifold as the Ambrose-Singer holonomy theorem says [1] . Clearly we have to distinguish two extremal cases, provided by the curvature. The first case is when ∇ has a curvature with inhomogeneous distribution over N: In this case by "scanning" a small neighbourhood U of x 0 one can hardly reproduce Hol 0 (∇, x 0 ). The other extremal case is when the curvature has homogeneous distribution (e.g. ∇ is flat). In this case we may reconstruct the full Hol 0 (∇, x 0 ) taking into account U only.
Our situation appears as an intermediate case in this picture. The curvature partially vanishes by the condition F 0,2 = 0. Consequently using the small ball U ⊂ N the holonomy can be partially reconstructed i.e., only a subgroup of Hol 0 (∇, x 0 ) emerges. In our case this subgroup turns out to be Abelian yielding the desired integrability.
In Section 2 we carry out the above idea in detail and will be able to construct holomorphic coordinates in U explicitly, without referring to the Newlander-Nirenberg theorem. The whole construction is based on the existence of local Abelian Coulomb gauges. This will be proved in Section 3.
Extensions and applications of the integrability theorem to twistor theory will be presented elsewhere [5] .
Constructing holomorphic coordinates
Let M be a connected, oriented, smooth, 2m real dimensional manifold. We call M an almost Kähler manifold if the tangent bundle T M can be given the structure of an U(m) vector bundle. Suppose there is a smooth connection ∇ on T M compatible with the U(m) structure.
The pair (M, ∇) above is clearly equivalent to a quadriple (M, J, g, ∇) where J is an almost complex structure while g is a Hermitian metric on M and ∇ is the previous connection. The three structures are compatible with each other as follows: ∇J = 0 (compatibility between ∇ and J) and ∇g = 0 (compatibility between ∇ and g) finally g(JX, JY ) = g(X, Y ) for all vector fields X, Y on T M (compatibility between g and J, the Hermite condition).
The almost complex structure J is a smooth section of End(T M) with
, the Lie algebra of smooth sections of the tangent bundle. Its complexification gives rise to a complex Lie algebra of complexified tangent vectors. The operator J extends to an operator J C over the complexification with (fiberwise) eigenvalues ±i; the corresponding eigenbundles yield the Whitney decomposition
(X − iJX) where X is a real vector field and the real linear isomorphism
It is clear by the splitting of T M ⊗ R C that it is also an U(m) bundle. Hence complexification of ∇ gives rise to a unitary connection ∇ C on the complexified tangent bundle. The metric complexifies as well. For later use we remark that regarding T M ⊗ R C as a real bundle the complexified metric gives rise to a real metric on it.
The complexified curvature of ∇ C can be decomposed as
The F 2,0 component is being defined similarly. First we will consider the existence of holomorphic coordinate systems locally. Let U ⊂ M be an open ball in M. Consider the restricted Lie algebra (C ∞ (T U), [·, ·] T U ) and its complexification. We can immediately see from the above characterization of the components F 0,2 , etc. that in a particular local gauge if
Here
is the decomposition of the complexified connection matrix while D 1,0 :
. These first order differential operators come from the decomposition of d, acting on 1-forms over an almost complex manifold (notice that on a complex manifold
Using the metric we can suppose that U ∼ = B 2m r , a 2m dimensional ball of radius r centered at the origin of R 2m . The key technical result is the following Proposition 2.1 Assume m > 1 and the following integrability condition holds over (M, ∇):
Then for a sufficiently small 0 < r ′ there is a unitary gauge transformation 
The gauge is unique up to a gauge transformation
Notice that for a unitary connection F 2,0 T = −F 0,2 hence it is enough to impose F 0,2 = 0 in the previous proposition only, for instance.
Using the above proposition, we can see that for an integrable almost Kähler manifold with m > 1 there exists a small ball U ⊂ M around each point and a gauge A such that A ∧ A = 0. This means that this gauge is Abelian and implies that in U one can reduce the structure group U(m) of T 1,0 M down to its maximal torus U(1) m = U(1) × . . . × U(1) (m times). This shows that we have a local splitting
compatible with the connection where L k (k = 1, . . . , m) are complex line bundles over U. Compatibility means parallel transportation obeys this splitting that is, if {X
Regarding L k as a real plane bundle over U for a moment this implies that if the image of the real vector field X k is X 1,0
also lies within L k . Then by the aid of Frobenius' theorem the two real dimensional distribution L k ⊂ T 1,0 U is integrable that is, there is a foliation of U by two real dimensional submanifolds W k with tangent bundle L k (as a real bundle).
Moreover the restricted unitary connection
on L k gives rise to a unitary connection on L k . But a unitary connection determines an orientation and a metric on W k which is equivalent to a complex structure in two real dimensions; therefore W k is a complex 1 dimensional manifold with local holomorphic coordinate z k . We can suppose that if u 0 ∈ U corresponds to the origin of R 2m via the isomorphism U ∼ = B 2m r ⊂ R 2m and u 0 ∈ W k for a particular member of the foliation then z k (u 0 ) := 0. Consequently the ball U carries a product complex structure
with local holomorphic coordinates (z 1 , . . . , z m ) on it. Finally we have to globalize our result. This is easy. Assume there are two balls U, V in M such that U ∩ V = ∅ with holomorphic coordinate systems (U, z 1 , . . . , z m ) and (V, w 1 , . . . , w m ). These coordinate systems come from the Abelian gauges A U and A V respectively. But we can suppose by Proposition 2.1 that the Coulomb gauge conditions δA U = 0 and δA V = 0 are also stisfied therefore the two gauges are related on the intersection U ∩ V (which is also a ball) by a constant gauge transformation g 0 ∈ U(m):
Hence the passage from one holomorphic coordinate system to the other is holomorphic as well therefore the individual local holomorphic charts fit together to form a holomorphic atlas for the whole M.
For completeness we remark that, as we already have seen, the exceptional case m = 1 is trivial. The integrability condition (1) is vacuous in this case. Accordingly an almost complex structure and the unitary structure together give rise to an orientation and a metric which is always equivalent to a complex structure in two real dimensions.
Finally notice that in fact we have been able to find an torsion-free U(m) structure on M i.e., it is a Kähler manifold and ∇ is a torsion free connection and the Hermitian metric g is parallel with respect to it. In other words ∇ must be the unique Levi-Civita connection. Hence we eventually have proved: 
The gauge transformation
In this section we are going to prove Proposition 2.1. The proof is based on Uhlenbeck's fundamental theorem on the existence of local Coulomb gauges in the small curvature regime. We begin with notations. There are several reference books on the subject, cf. e.g. [2] [8] [7] . Let E be a (complex) vector bundle with a connection ∇ and a compatible scalar product over an oriented Riemannian manifold (X, g) and let s be a section of E. The L p r norm of s is defined to be
if exists. Here 1 ≤ p ≤ ∞ is a real number and r is a non-negative integer. Moreover ∇ j means ∇ . . . ∇ (repeated j times) and | · | is the fiberwise norm on E induced by the scalar product. For instance, if X is n dimensional one can take the L n/2 norm on 2-forms; note that this is a conformally invariant norm.
If X is compact then the Sobolev embedding theorem says that there are continuous embed
Furthermore, if P is a linear first order elliptic operator on a compact manifold X then one has the elliptic inequality
and one can set b = 0 if s is L 2 orthogonal to kerP . Finally we recall the main technical tool of this section, namely Uhlenbeck's theorem. The exterior derivative d has a formal adjoint δ = − * d * . A basic theorem of Uhlenbeck [14] states that norm-minimazing gauges always exist locally in Yang-Mills theories if the curvature is small enough. The most suitable form of Uhlenbeck's theorem for us can be stated as follows, based on the presentation of its proof by Donaldson and Kronheimer [4] (cf. e.g. Prop. 2.3.13 on pp.
63-66):
Theorem 3.1 (Uhlenbeck, 1982) . Let ∇ be a connection on E = S n × R l , the trivial vector bundle with compact structure group G ⊂ SO(l) over the n dimensional sphere S n endowed with a smooth Riemannian metric h. Take a particular gauge and write ∇ = d + A where A is the corresponding connection matrix satisfying A L q 1 (S n ) < ∞. Then for each n/2 ≤ q ≤ n there are constants ε = ε(n, q, h) and
In our considerations ahead, we will follow Donaldson and Kronheimer ([4] Chap. 2) and pull back the whole stuff from U ∼ = B 2m r to the sphere S 2m because we wish to work over a compact manifold in order to avoid technical difficulties.
Consider the ball B r ) into the southern hemisphere of S 2m . Then consider R : S 2m → S 2m , the reflection of S 2m through its equatorial plane: Equal to the identity on the equator and interchanging the hemispheres. Finally define p : S 2m → δ r (s r (B 2m r )) to be the projection which is equal to the identity on the southern hemisphere (i.e. on the conformal image of B 2m r ) and the reflection map R on the complementary northern hemisphere of the standard unit sphere S 2m . Unfortunately p is not a smooth map, it is not differentiable along the equator. However, it is a Lipschitz map-almost everywhere differentiable with bounded covariant derivative (with respect to some metric, see below).
Although the original metric g on M restricted to B 2m r is smooth by the regularity of the connection, its pull-back p * g lacks this property on S 2m along its equator. We construct a metric g t on S
2m by "smoothing off the corners" of p * g. Divide S 2m into three parts: a spherical band W t of width 2t surrounding the equator symmetrically and the two remaining truncated hemispheres N t and S t . The previous stereographic map δ r • s r identifies B . Take a metric g t which is equal to p * g on N t ∪ S t ; then extend it across the thickened equator W t such that the resulting metric be smooth and preserve the reflection symmetry induced by the map R i.e., R * g t = g t hold over the whole S 2m . Notice that g 0 gives back p * g and if r also goes to zero p * g approaches the standard round metric on the unit S 2m . We will be using this fixed metric g t in calculating norms on S 2m in our forthcoming considerations.
As a next step, we pull back the restricted connection ∇ on B 2m r to a connection p * ∇ on the trivial vector bundle S 2m × R 2m . Writing ∇ = d + A and taking into account that T B 2m r is trivial, we can identify ∇ with A. Therefore p * ∇ = d + p * A can be regarded as a connection on S 2m × R 2m . Our aim is now to demonstrate that although p * A is a singular 1-form on S 2m , it can be transformed into another gauge such that it has appropriate finite Sobolev norms on S 2m . Observe that the Lipschitz property of p implies p * A L m 1 (S 2m ) < ∞. Moreover the metric g t just constructed on S 2m , if restricted to the truncated southern hemisphere S t , is conformally equivalent to the original g on B ) remains unchanged when B 2m r(1−t) is projected onto S t . Therefore we can write
Apart from this, being ∇ and the metric g smooth we can see that
subsequently there exists a small r such that for an arbitrary ε > 0 one has F L m (B 2m r ) ≤ ε and the L ∞ -norm is finite. Then using (3) we can write p
Henceforth for a sufficiently small t we can achieve p
can be kept small, too. Therefore for a suitable small r and t Uhlenbeck's theorem applies on (S 2m , g t ). Consequently, we can perform a gauge transformation (p * A)
1 dg 1 (here g 1 denotes a gauge transformation for a moment, it has nothing to do with the metric g t !). Then (p * A) ′ is in Coulomb gauge with respect to the metric g t i.e., δ t (p * A) ′ = 0. From now on for notational convenience we will suppose that A denotes the pulled-back connection on S 2m × R 2m in Coulomb gauge. Notice that this is a smooth matrix valued 1-form over S 2m . Part (ii) of Uhlenbeck's theorem yields
with the Uhlenbeck constant K(m, g t ) and
by Sobolev embedding hence these norms exist as claimed and A in Coulomb gauge belongs to appropriate Sobolev spaces. Now we are in a position to proceed into the proof of Proposition 2.1. To do so, we introduce the differential operator D :
r ) given by
Then first we want to solve the differential equation DA C = 0 on B exists and one has DA
with a constant c 3 (m, g t ).
Proof. The integrability condition (1) allows us to write over the open subset X ⊂ S 2m that
Taking into account that the equator is a subset of measure zero and π 2,0 ⊕ π 0,2 is a contraction we find the simple estimate
Via the above bounds for the connection matrix in Coulomb gauge we can go on by using plainly the Hölder inequality and Sobolev embedding:
for some constant c 1 (m, g t ). As we already have supposed, A C satisfies the Coulomb gauge equation
⊗ C is elliptic and its kernel decomposes according to the degree; but H 1 (S 2m ) = 0 hence all the 1-forms are orthogonal to the kernel. Elliptic theory gives inequality (2) with b = 0 yielding
with some constant c 2 (m, g t ). Putting together the above inequalities we find (7) with a constant c 3 = c 1 c 2 . We finished the proof. 3
Remark. Using (8) and (9) we immediately conclude via part (ii) of Uhlenbeck's theorem that
The right hand side is zero if ∇ is flat over M or at least locally flat on B 2m r taking into account (3). We can see that DA C = 0 on S 2m that is, DA
r . This is not surprising because in the flat case the Coulomb gauge condition is simply A C = 0. If the connection is not flat then we have to struggle further. Beyond this quadratic inequality one can find a linear one as follows. Consider the Banach space V which is a completion of Ω 1 (S 2m ) ⊗ u(m) with respect to the L m norm. Then for m > 1 this Banach space is reflexive hence its closed unit ball B 1 (0) is weakly compact (cf. e.g. pp. 74-79 of [2] ). Furthermore V is also uniformly convex hence weak convergence together with L m convergence implies strong convergence, too (cf. p. 81 of [2] ). Consider the subspace C ⊂ V which is a completion of 
Moreover if Proof. Clearly dA
.
But A ∈ C satisfies the Coulomb gauge condition and since H 1 (S 2m ) = 0, one finds dA C = 0 for A ∈ C if and only if A C = 0 as we have already seen; therefore we can set
and define c 4 := inf
The constant c 4 is well-defined and non-negative satisfying the inequality of the lemma. Consider a sequence
→ 0 as i → ∞. By the weak compactness of the closed unit ball B 1 (0), we can always pass to a subsequence {A j } converging weakly to a limit connection 1-form A ∈ B 1 (0) ∩ C. But this gives that {DA .
Remember the perturbed conformal construction of the space (S 2m , g t ): If both the radius r of the original ball B 2m r and the perturbation parameter t tend to zero, the metric g t approaches the standard round metric on the 2m-sphere; therefore (c 3 /c 4 ) 2 tends to a universal positive constant N depending only on the dimension. But again the regularity of the original connection (4) together with (10) yields we can choose r > 0 so that DA C L m (S 2m ) < 1/(2N). Therefore letting k → ∞ the last inequality above brings DA C = 0 on S 2m , a contradiction. We conclude that the equation DA C = 0 has solution in a sufficiently small ball B 2m r ∼ = U ⊂ M.
Observe that DA C = 0 is equivalent to A 1,0 ∧ A 1,0 = 0 and A 0,1 ∧ A 0,1 = 0 taking into account (1) . By introducing a frame {X r . We can see by part (iii) of Uhlenbeck's theorem and the above observations that the gauge A ′ is also a Coulomb gauge because it differs from the original Coulomb gauge A by a constant gauge transformation only. We set this gauge to be the gauge A ′ and the constant r constructed above to be the constant r ′ of Proposition 2.1. 3
